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Abstract
We consider the problem of reducing the variance of Monte Carlo estimators of high-dimensional
estimation problems by combining the variance reduction techniques Latin hypercube sampling
with dependence (LHSD), control variates and importance sampling. Under some standard conditions, the resulting estimators are consistent and asymptotically unbiased, and a central limit
theorem holds. The effectiveness of the combined variance reduction methods is investigated by
pricing an Asian basket call option. When comparing the effectiveness with existing combined
variance reduction techniques, it turns out that techniques highly tailored to the specific problem are more effective, but among the methods that make no use of specific information, LHSD
performs best. Since LHSD is easy to apply, our results indicate that it is worthwhile to test
the performance pickup of integrating LHSD into arbitrary simulation problems even when a
variance reduction technique is already in place.
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Introduction

The variance of a Monte Carlo estimator is a key figure for assessing the quality of an estimation,
as a lower variance indicates a higher precision of the estimation. In particular for multivariate
estimations – for example, when a financial derivative to be valued depends on several underlyings
or values of the underlying at different time points – variance reduction techniques are indispensable
to obtain a feasible result within an acceptable computing time. Monte Carlo simulation techniques
are ubiquitous in many areas such as the valuation of financial derivatives, and different techniques
to reduce the variance of an estimator have been developed, see e.g. Glasserman (2004).
We consider the problem of reducing the variance of a Monte Carlo estimator targeted at a
random vector of dependent random variables by combining several variance reduction techniques.
More specifically, we consider Latin hypercube sampling with dependence (LHSD) as developed in
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Packham and Schmidt (2010), combined with control variates and importance sampling. LHSD –
a generalization of Latin hypercube sampling (LHS) introduced by McKay, Beckman, and Conover
(1979) – is a general technique that can be applied to any Monte Carlo estimator, while both
control variates and importance sampling typically exploit problem-specific properties. Both LHS
and LHSD can be viewed as multivariate adaptations of stratified sampling. Loosely speaking,
these methods ensure that a sample of random numbers is well spread across its domain. They are
simple to use and often achieve an effective variance reduction. The general procedure for combined
variance reduction is to introduce an LHS / LHSD step just after drawing random numbers and
then proceed with the other variance reduction technique in the usual way.
In this paper, we first derive consistency, asymptotic unbiasedness and a central limit theorem
for the resulting combined estimators, under some standard conditions.
Second, we investigate the effectiveness of the resulting estimators by valuing an Asian basket
call option. The payoff of this option depends on the stock prices of a basket of stocks monitored
at several time points, and as such, is a high-dimensional problem for which no analytic solution
is known. We find that the combination of LHSD and control variates is effective for options with
low strikes, whereas LHSD combined with importance sampling is effective for options with a high
strike. The latter observation can be explained by the fact that a high proportion of simulation
outcomes of such an option is zero. Importance sampling decreases the likelihood of sampling from
the out-of-the-money region, and LHSD then operates mainly on the in-the-money region. The
variance reduction ratios achieved in importance sampling depend largely on the problem-at-hand
and on the actual measure change chosen. General methods of importance sampling, such as kernel
density estimators, as in Zhang (1996), are computationally very expensive, and thus applicable
only when the individual simulations are very time-intensive.
In a second example we are concerned with the valuation of a (one-asset) Asian option. The
example is taken from Glasserman, Heidelberger, and Shahabuddin (1999), who analyse the effectiveness of combinations of importance sampling and stratification. Both, the application of
importance sampling and stratification are highly tailored to the problem, and as such outperform
LHSD. In Lemieux and La (2005), the same example is used to compare importance sampling
combined with Quasi-Monte Carlo (QMC) and Randomized Quasi-Monte Carlo (RQMC) methods. In QMC simulation, well-chosen deterministic numbers are used in place of random number
in order to increase the accuracy of the estimation problem, see e.g. Niederreiter (1992). Similar to
LHSD, (R)QMC methods do not make use of problem-specific properties. In our examples, LHSD
outperforms the (R)QMC methods most of the time.
Our results show that LHSD with importance sampling is two to three times more effective (in
terms of standard deviation) than standard LHS with importance sampling. Whilst it is impossible
to say anything general about the performance pickup from incorporating LHS / LHSD in simulation problems, a particular appeal of these methods lies in their generality and simplicity, so that
one can easily test their effectiveness on a case-by-case basis.
The paper is structured as follows: in Section 2 we explain the general principle of variance
reduction and we introduce the variance reduction techniques that are used in the paper, namely
Latin hypercube sampling (LHS, LHSD), control variates and importance sampling. Section 3
contains the theoretical analysis of the resulting combined estimators (consistency and central
limit theorem). Section 4 demonstrates and analyses the effectiveness of the combined estimators.
Finally, we conclude in Section 5.
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Variance reduction techniques under consideration

Reducing the variance of a Monte Carlo estimator allows for increasing the efficiency of a simulation
by either saving computation time or achieving a more accurate result. This is especially important
for multivariate problems, as the computation time of a simulation grows with the number of
dimensions and quickly becomes intractable for high dimensions.
More specifically, on a probability space (Ω, F, P), let (X 1 , . . . , X d ) be a random vector with
distribution function F . Suppose the goal is to estimate Eh(X 1 , . . . , X d ) with h : Rd → R Borelmeasurable and F -integrable. ThePusual Monte Carlo estimator based on n independent samples
(Xi1 , . . . , Xid ), i = 1, . . . , n is 1/n ni=1 h(Xi1 , . . . , Xid ). The estimator is strongly consistent, that
is,
n
1X
P–a.s.
h(Xi1 , . . . , Xid ) → Eh(X 1 , . . . , X d ), as n → ∞.
n
i=1

The usual central limit theorem states that the scaled estimator converges to a normal distribution,
that is,
n

1 X
L
√
h(Xi1 , . . . , Xid ) − Eh(X 1 , . . . , X d ) → N(0, σ 2 ),
n
i=1

with σ 2 = Var(h(X 1 , . . . , X d )). The central limit theorem serves as an indicator of the speed of
convergence in the sense that the estimator is approximately normally distributed, that is,
n

1 X
h(Xi1 , . . . , Xid ) − Eh(X 1 , . . . , X d ) ≈ Z,
n

(1)

i=1

where Z ∼ N(0, σ 2 /n). The goal of variance reduction is to find consistent estimators with convergence properties similar to Equation (1), but whose variance is smaller than σ 2 above.

2.1

Latin hypercube sampling with dependence (LHSD)

Latin hypercube sampling (LHS) is a well-studied variance reduction technique for random vectors
with independent components, see McKay et al. (1979), Stein (1987), Owen (1992), (Glasserman,
2004, Section 4.4). The concept of LHS is generalised to dependent random vectors, called LHSD,
by Packham and Schmidt (2010). The method is also briefly considered by Stein (1987).
The principal idea of LHS and LHSD is to ensure a uniform placement of (uniform) random
numbers on the d-dimensional unit cube. This is achieved by partitioning the [0, 1] interval into
so-called strata of equal probability and by transforming the random numbers in such a way that
in each dimension, exactly one sample is placed into each stratum. In LHS, the strata in each
dimension are chosen randomly, whereas in LHSD they are chosen according to the samples’ rank
statistics.
More specifically, let U 1 , . . . , U d be uniform random variables on [0, 1], and assume that the
goal is to estimate Eg(U 1 , . . . , U d ) with g : [0, 1]d → R Borel-measurable and C-integrable, where
C denotes the copula of (U 1 , . . . , U d ).1 Suppose further given n independent samples (Ui1 , . . . , Uid ),
i = 1, . . . , n, with the same distribution as (U 1 , . . . , U d ).
1

A copula is the distribution function of a random vector with uniform marginals, see e.g. Joe (1997) and Nelsen
(1999).
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If C is the independence copula (i.e., the components of (U 1 , . . . , U d ) are independent), then
π j − 1 + Uij
LHS transforms the samples according to i
, i = 1, . . . , n, j = 1, . . . , d, where π j =
n
(π1j , . . . , πnj ) is a random permutation of {1, . . . , n} drawn from the distribution that assigns equal
probability to all permutations.
Now assume that (U 1 , . . . , U d ) are not independent. The principal idea of LHSD is to preserve
the dependence as much as possible by choosing a particular permutation for the transformation.
j
This requires notion of a rank statistic. Fixing a dimension j, the i-th rank statistic ri,n
denotes
the position of the i-th sample when ordering (U1j , . . . , Unj ) in ascending order. Formally,
j
ri,n
:=

n
X

1{U j ≤U j } .

k=1

k

i

The existence P–a.s. of such an ordering follows from the continuity of the uniform distribution.
Intuitively, for large n, we expect the proportion of samples smaller than Uij to correspond apj
j
proximately to ri,n
/n. Furthermore, ri,n
/n is just the empirical distribution function of U1j , . . . , Unj
evaluated at Uij , which is well-known to converge P–a.s. to Uij , as n → ∞, by the Glivenko-Cantelli
Theorem.
A Latin hypercube sample (with dependence) can then be defined as
j
Vi,n
:=

j
ri,n
− 1 + 1/2

n

,

i = 1, . . . , n,

j = 1, . . . , d.

(2)

This particular variant places each sample in the middle of its stratum; for other variants we refer
to Packham and Schmidt (2010). In each dimension, exactly one sample is placed in each stratum,
which enforces that the marginals are uniformly spread on the [0, 1] interval. At the same time,
since each sample converges to its original value as n → ∞, the dependence structure of the samples
is protected for sufficiently large n. An example of a Latin hypercube sample is given in Figure 1.
The LHSD estimator is given by
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n

1X
1
d
g(Vi,n
, . . . , Vi,n
).
n
i=1

In Packham and Schmidt (2010), it is shown that for g bounded and continuous C-a.e., the LHSD
estimator is strongly consistent and asymptotically unbiased, and, under some further restrictions, a
central limit theorem is proved. It is further demonstrated that LHSD achieves a variance reduction
in practical applications.
Since LHSD is easy to apply and does not depend on the specific problem at hand, it is natural to
ask, if a further pickup in variance reduction is achieved when combining LHSD with other variance
reduction techniques. Combining LHSD with other variance reduction techniques is achieved by
1 , . . . , V d ), i = 1, . . . , n, instead of the random numbers (U 1 , . . . , U d ),
using an LHSD sample (Vi,n
i,n
i
i
i = 1, . . . , n, as inputs.
When dealing with dependent random vectors, one can also apply LHS by first applying the
LHS transform to independent random numbers and then introducing the dependence. However,
this typically affects the stratification of the samples, losing much of the appeal of LHS. Our results
indicate that it is generally better to use LHSD, which stratifies after introducing the dependence.
2.1.1

LHSD and random vectors with arbitrary marginals

The analysis so far is based on random vectors with uniform marginals. Let us now provide the
link between random vectors with uniform marginals and vectors with non-uniform marginals.
Consider a random vector X = (X 1 , . . . , X d ) with marginal distribution functions F1 , . . . , Fd
(−1)
and joint distribution function F . Define the right-inverse of Fi as the function Fi
: [0, 1] →
(−1)
R ∪ {±∞} with Fi
(u) := inf{x : F (x) > u}, for u ∈ [0, 1].
Then, for a Borel-measurable function h : Rd → R, there exists a Borel-measurable function
g : [0, 1]d → R such that
L

(−1)

h(X 1 , . . . , X d ) = h(F1

(−1)

(U 1 ), . . . , Fd

(U d )) =: g(U 1 , . . . , U d ),

(3)

where the joint distribution of (U 1 , . . . , U d ) is determined by the copula corresponding to F and
F1 , . . . , Fd . Equation (3) is essentially a consequence of Sklar’s Theorem, Sklar (1959), which
establishes the relationship between copulas and distribution functions.
For the results in Section 3 we note that whenever F1 , . . . , Fd are continuous and h is F -a.e.
continuous, then g is C-a.e. continuous, and that whenever h is right-continuous and of bounded
variation (in the sense of Hardy-Krause), then g is right-continuous and of bounded variation (see
Section 3 for the definitions of bounded variation and right-continuity for multivariate functions).

2.2

Control variates

The principal idea of the method of control variates is to use information about the errors in
estimates of known quantities to reduce the error in the estimate of an unknown quantity. For a
detailed treatment see e.g. (Glasserman, 2004, Section 4.1).
Let X1 , . . . , Xn be the output of a Monte Carlo simulation, where each Xi follows the distribution of X. Assume further that another output Yi with the same distribution as Y is calculated
along with Xi and that the expectation EY of Y is known. Then the sample based on the control
variates Y1 , . . . , Yn is given by
Xi (b) = Xi − b(Yi − EY ),
5

i = 1, . . . , n,

where b ∈ R. The control variates estimator is given by
n

X̄(b) = X̄ − b(Ȳ − EY ) =

1X
(Xi − b(Yi − EY )).
n

(4)

i=1

It is easily observed that the control variates estimator is unbiased and consistent. The estimator’s
variance is σ 2 (b)/n, with
2
σ 2 (b) := Var(Xi (b)) = σX
− 2bσY σX ρXY + b2 σY2 ,

(5)

2 = Var(X), σ 2 = Var(Y ) and ρ
where σX
XY denotes the correlation between X and Y . The optimal
Y
∗
coefficient b that minimises Equation (5) is given by b∗ = ρXY σX /σY , yielding a variance of the
estimator Equation (4) of
σ2
Var(X̄(b)) = X (1 − ρ2XY ),
n
P
2
which is smaller than the variance σX /n of the usual Monte Carlo estimator X̄ = 1/n ni=1 Xi .
In practice, ρXY and σX , and hence the coefficient b∗ , are often unknown, in which case one
can use the following estimate of the coefficient based on the sample estimates of ρXY and σX :
Pn
(X − X̄)(Yi − Ȳ )
Pn i
.
(6)
b̂n = i=1
2
i=1 (Yi − Ȳ )

To estimate Eg(U 1 , . . . , U d ) as introduced in Section 2.1 and with f (U 1 , . . . , U d ) as the control
variate, that is, setting X = g(U 1 , . . . , U d ) and Y = f (U 1 , . . . , U d ), the combined estimator LHSD
with control variates is given by
n

1 X
1
d
1
d
g(Vi,n
, . . . , Vi,n
) − b(f (Vi,n
, . . . , Vi,n
) − Ef (U 1 , . . . , U d )) .
n

(7)

i=1

2.3

Importance sampling

The key idea of importance sampling is to reduce variance by changing the probability measure
from which random elements are generated by assigning more weight to “important” outcomes.
For a detailed treatment see e.g. (Glasserman, 2004, Section 4.6).
Suppose for simplicity that under P, X = (X 1 , . . . , X d ) has a density f P and let f Q be the
density for X under another measure Q such that f P (x) > 0 implies f Q (x) > 0, for x ∈ Rd .
Then,


Z
f P (x) Q
f P (X)
P
Q
E [h(X)] = h(x) Q
f (x) dx = E h(X) Q
,
f (x)
f (X)
where EP and EQ express that expectation is taken with respect to the measures P and Q, respecf P (X)
is the so-called likelihood ratio. The corresponding importance sampling
tively. The ratio Q
f (X)
estimator based on iid draws Xi = (Xi1 , . . . , Xid ) of X (from Q), is given by
n

1X
f P (Xi )
.
h(Xi ) Q
n
f (Xi )
i=1

6

(8)

It is easily seen that the estimator is unbiased and strongly consistent. The estimator, when
combining LHSD and importance sampling, is
(−1)

(−1)

n
1 ), . . . , F
d
f P (F1,Q (Vi,n
1X
d,Q (Vi,n ))
1
d
,
g(Vi,n , . . . , Vi,n )
(−1)
(−1)
n
f Q (F
(V 1 ), . . . , F
(V d ))
i=1

(−1)

1,Q

i,n

d,Q

(9)

i,n

(−1)

(−1)

with g(U 1 , . . . , U d ) := h(F1,Q (U 1 ), . . . , Fd,Q (U d )) as in Equation (3), and where Fj,P
the right-inverse of the distribution function Fj,P of X j under P and likewise for Q.

3

denotes

Consistency and Central Limit Theorem of combined estimators

We consider the combination of LHSD with control variates, and the combination of LHSD with
importance sampling. First, we establish consistency of the combined estimators, provided g is
bounded and fulfills some continuity conditions. It follows directly that the estimator is asymptotically unbiased. Second, under some further conditions, we derive a central limit theorem that
allows us to give an interpretation of the sample variance derived from the combined estimators.
Although the technical conditions in the statements below may appear restrictive (e.g. excluding
unbounded payoffs of financial derivatives), this does not pose serious limitations when applying
Monte Carlo simulation. In fact, these conditions are commonly found in statements involving
Quasi-Monte Carlo methods.
Proposition 1. Let g : [0, 1]d → R be bounded and continuous C-a.e.
(i) Let f : [0, 1]d → R be bounded and continuous C-a.e. Then, the combined LHSD and control
variates estimator, Equation (7), is strongly consistent, that is,
n

1X
P–a.s.
(g(Vi,n ) − b(f (Vi,n ) − Ef (U ))) −→ Eg(U ),
n

as n → ∞.

i=1

(ii) Let Q be another probability measure and suppose that P is absolutely continuous with respect
to Q, P  Q, and suppose further that f P and f Q are densitities for X under measures P
fP
and Q, respectively, and that the likelihood ratio Q is bounded and continuous P–a.s.. Then,
f
the combined LHSD and importance sampling estimator, Equation (9), is strongly consistent
(with respect to Q), that is,
(−1)

(−1)

n
1 ), . . . , F
d
f P (F1,P (Vi,n
1X
d,Q (Vi,n ))
g(Vi,n )
(−1)
1 ), . . . , F (−1) (V d ))
n
f Q (F1,Q (Vi,n
i=1
i,n
d,Q


(−1)
(−1)
P
1
d
f (F1,P (U ), . . . , Fd,P (U ))
Q–a.s. Q
 = EP [g(U )],
−→ E g(U )
(−1)
(−1)
f Q (F1,Q (U 1 ), . . . , Fd,Q (U d ))

as n → ∞. Since P  Q, the claim also holds P–a.s.
Proof. The proof follows directly from Proposition 4.1 of Packham and Schmidt (2010), which
establishes strong consistency for the LHSD estimator when g : [0, 1]d → R is bounded and C-a.e.
continuous.
7

Corollary 2. The estimators in Proposition 1 are asymptotically unbiased, that is, their expectation
converges to Eg(U 1 , . . . , U d ), as n → ∞.
Proof. This is an application of the Dominated Convergence Theorem.
The Central Limit Theorem below is stated for the bivariate case. This captures the essential
features of the convergence property while avoiding notational clutter. A multivariate version of
the Central Limit Theorem for LHSD is found in Aistleitner, Hofer, and Tichy (2012). First we
need some definitions.
Definition 1. A function g : [0, 1]2 → R is of bounded variation (in the sense of Hardy-Krause), if
there exists a constant K such that
(i) for every bounded rectangle [a, b] × [c, d] ⊆ [0, 1]2 , for all m, n and points a = x0 < x1 <
· · · xm = b, c = y0 < y1 < · · · < yn = d,
m−1
X n−1
X

|g(xi , yj ) + g(xi+1 , yj+1 ) − g(xi , yj+1 ) − g(xi+1 , yj )| ≤ K,

i=0 j=0

(ii) for every u ∈ [0, 1], v 7→ g(u, v) is a function whose variation is bounded by K,
(iii) for every v ∈ [0, 1], u 7→ g(u, v) is a function whose variation is bounded by K.
Definition 2. A function g : [0, 1]2 → R is right-continuous if for any sequence (u1n , u2n )n≥1 , with
ujn ↓ uj , j = 1, 2, limn→∞ g(u1n , u2n ) = g(u1 , u2 ).
Theorem 3 (Central Limit Theorem). Let the copula C of (U 1 , U 2 ) have continuous partial derivatives, and let g : [0, 1]2 → R be of bounded variation (in the sense of Hardy-Krause) and rightcontinuous.
(i) Let f : [0, 1]2 → R be of bounded variation and right-continuous. Then, for the combined
LHSD and control variates estimator, Equation (7), as n → ∞,
n
 L
1 X
1
2
1
2
2
√
).
g(Vi,n
, Vi,n
) − b(f (Vi,n
, Vi,n
) − Ef (U 1 , U 2 )) − Eg(U 1 , U 2 ) −→ N(0, σLHSD+CV
n
i=1

(−1)

(−1)

(ii) Let Q be another probability measure, let the distribution function F Q (F1,Q (U 1 ), F2,Q (U 2 ))
of (U 1 , U 2 ) have continuous partial derivatives and suppose that P  Q. Suppose further
fP
that the Radon-Nikodym derivative Q is of bounded variation and right-continuous. Then,
f
as n → ∞,


n
P (F (−1) (V 1 ), F (−1) (V 2 ))
f
1 X
i,n
i,n
L
1,P
2,P
1
2
2
√
− Eg(U 1 , U 2 ) −→ N(0, σLHSD+IS
).
g(Vi,n
, Vi,n
)
(−1)
(−1)
2
1
Q
n
f
(F
(V
),
F
(V
))
i=1
i,n
i,n
1,Q
2,Q
Proof. The proof follows directly from Theorem 5.4 of Packham and Schmidt (2010), which establishes a central limit theorem for the standalone LHSD estimator when C has continuous partial
derivatives and when g is of bounded variation and right-continuous.
8

2
2
Explicit expressions for σLHSD+CV
and σLHSD+IS
can be derived from Theorem 5.4 in Packham
and Schmidt (2010). In practice, one typically simulates the estimator by running several indepen2
dent iterations of the simulation, and then takes the sample variance as an estimate of σLHSD+CV
,
2
resp. σLHSD+IS .

4

Examples

We investigate the effectiveness of combining LHSD with other variance reduction techniques by
studying two examples. In the first example we price an Asian basket call option, whose payoff
depends on the sum of several underlying assets monitored at several points in time. This is a pathdependent option in a high-dimensional setting, and simulation is a standard valuation approach.
The example below is taken from Imai and Tan (2007).
The second example is on pricing an Asian option (i.e., the one asset case). It is taken from
Glasserman et al. (1999) (see also (Glasserman, 2004, Section 4.6.2)), who analyse the combination
of stratification and importance sampling. Using the same example, Lemieux and La (2005) study
combinations of control variates and importance sampling based on RQMC methods. These results
allows us to compare combinations of LHSD with other stratification methods, resp. quasi-Monte
Carlo methods, and importance sampling.
Pricing options at varying strikes allows us to analyse the effectiveness for situations where
sampling is done efficiently over the sample space (case of in-the-money options) compared to
situations where the area of interest is hit only by few samples (out-of-the-money options case). In
particular, we would expect combinations of stratification techniques with importance sampling to
be effective when the region of interest is small, as importance sampling will ensure that samples
are drawn predominantly from the region of interest, while stratification ensures that the samples
are evenly spaced in this region.
The importance sampling methods applied below are tailored to the applications. Nonparametric generic methods, such as importance sampling with kernel density estimators (Zhang, 1996;
Swiler and West, 2010), have proven to be very slow, so that they are applicable only when individual simulations are CPU-intensive.

4.1

Valuation of Asian basket call option

Assume a basket of m assets, with Sti the price of the i-th asset at time t, i = 1, . . . , m. Fixing a
maturity TP
, the P
strike K, a set of n monitoring time points 0 < t1 < t2 < · · · < tn = T and weights
n
ij
wij , with m
i=1
j=1 w = 1, the payoff of the Asian basket call option on the m-asset basket is
given by


m X
n
X
(10)
max 
wij Stij − K, 0 .
i=1 j=1

We assume that asset prices follow a geometric Brownian motion; more specifically, S 1 , . . . , S m is
the solution of the stochastic differential equation
dSti = rSti dt + σ i Sti dWti ,

i = 1, . . . , m,

where r is the risk-free interest rate, σ i is the volatility of the i-th asset and (W 1 , . . . , W m ) is an mdimensional Brownian motion, whose components W i and W k are correlated with ρik , 1 ≤ i, k ≤ m.
9

The solution of the SDE is given by



(σ i )2
i
i
i
i
t + σ Wt ,
St = S0 exp
r−
2

i = 1, . . . , m.

(11)

Pricing the option requires simulating the paths of each asset at the monitoring time points.
Assume that the points t1 , . . . , tn are equidistant and let ∆t = T /n, so that tj = j∆t. Let Σ be
the m × m covariance matrix with entries (ρik σ i σ k ∆t)i,k=1,...,m . Let Σ̃ be the nm × nm matrix
generated from Σ via


Σ Σ ··· Σ
Σ 2Σ · · · 2Σ 


Σ̃ =  .
..
..  .
..
 ..
.
.
. 
Σ 2Σ · · ·

nΣ

The asset prices are simulated according to Equation (11), with the random vector
W̃ = (σ 1 Wt11 , . . . , σ m Wtm
, σ 1 Wt12 , . . . , σ m Wtm
, . . . , σ 1 Wt1n , . . . , σ m Wtm
)0 derived via
n
1
2
W̃ = C̃Z,
where C̃ is such that C̃ C̃ 0 = Σ̃ (e.g. the Cholesky decomposition) and Z is a vector of nm independent standard normal random variables. The payoff at time T of the Asian basket option can then
be written as
max(g(W̃ ) − K, 0),
with
g(W̃ ) =

nm
X

exp(ν k + W̃k )

(12)

k=1

ν k = ln(wk1

k2

S0k1 ) + (r − (σ k1 )2 /2)tk2 ,

(13)

where
k1 = (k − 1) mod m + 1
k2 = b(k − 1)/mc + 1,

k = 1, . . . , mn.

In this approach, simulation of option payoffs involves the computation of products of highdimensional matrices.
4.1.1

Application of LHS and LHSD

To apply LHS, Z is simulated, by drawing uniform random numbers, introducing an LHS step and
then applying the inverse normal distribution cdf N(−1) .
To apply LHSD, W̃ is first simulated using the Cholesky decomposition C̃ of Σ̃, and then an
LHSD step is introduced in each dimension over all simulations. In other words, each dimension is
stratified by applying the transformation (2) to generate a LHSD sample from random numbers.
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4.1.2

Application of Control Variates

To apply the control variates method, the underlying assets are used as control variates. More
precisely, the variables Xi , i = 1, . . . , n in the control variates estimator, Equation (4), are the
sampled option payoffs, and the control variates Yi , i = 1, . . . , n are given by
Yi =

m X
n
X
Stkj
k=1 j=1

nm

.

Since the optimal coefficient b∗ is not known, the parameter estimate b̂n of Equation (6) is used. As
b∗ depends essentially on the correlation σXY , which measures the linear relationship between X
and Y , the control variates estimator typically performs better for options with smaller strikes (inthe-money options) and performs worse for options with greater strikes (out-of-the-money options).
4.1.3

Application of Importance Sampling

Independent random variables Importance sampling requires that we choose a measure according to which random numbers are sampled. Inspection of Equation (8) indicates that we should
sample proportional to h(X) f P (X). For a Geometric Brownian motion, a change of measure with
equivalent measures P and Q corresponds to a change of the drift; in our setup this implies that
the mean of Z is changed. We follow Glasserman et al. (1999) (see also Section 4.6.2 of Glasserman
(2004)).
P
Using that W̃k = σ k1 Wtkk1 = nm
j=1 c̃kj Zj = c̃k Z, where c̃.. refers to the elements of C̃ and where
2

c̃k denotes the k-th row of C̃, write the option payoff using Equation (12) in terms of Z ∼ N(0, I):
!
nm


X
k
exp ν + c̃k Z − K, 0 ,
G(Z) = max
k=1

νk,

with
k = 1, . . . , nm, given by Equation (13). Pricing the option amounts to evaluating
−rT
e
EG(Z).
The change in measure is applied by changing the mean of Z from 0 to some vector µ. The
likelihood ratio when changing measure from N(0, I) to N(µ, I) is given by


mn
Y
f0 (Zi )
1 T
T
= exp −µ Z + µ µ ,
(14)
fµi (Zi )
2
i=1

where fµ denotes the normal density with mean µ and variance 1. It follows that
h
i
1 T
T
EG(Z) = Eµ G(Z)e−µ Z+ 2 µ µ ,
where Eµ denotes the expectation when Z ∼ N(µ, I). The estimator is unbiased, and we would like
to choose a vector µ that produces a low-variance estimator.
Since G takes only non-negative values, we may write G(z) = exp(F (z)). Furthermore, taking
expectation of Z under the measure Pµ is equivalent to taking expectation of µ + Z under the
original measure. Thus,
h
i
i
h
1 T
T
EG(Z) = E eF (Z) = Eµ eF (Z) e−µ Z+ 2 µ µ
h
i
h
i
1 T
1 T
T
T
= E eF (µ+Z) e−µ (µ+Z)+ 2 µ µ = E eF (µ+Z) e−µ Z− 2 µ µ .
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A particular choice of µ is obtained by a first-order approximation of F ,
eF (µ+Z) e−µ

T Z− 1 µT µ
2

T Z− 1 µT µ
2

≈ eF (µ)+∇F (µ)Z e−µ

,

(15)

with ∇F (µ) the gradient of F at µ. If µ is chosen to satisfy ∇F (µ) = µT , then the right-hand side
of Equation (15) is a constant with no dependence on Z. Hence, if Equation (15) held exactly, then
this would produce a zero-variance estimator, and the hope is that this produces a low-variance
estimator if Equation (15) holds only approximately. Observe that ∇F (z) − z T = 0 is equivalent
to ∇G(z) − z T G(z) = 0.
Returning to the Asian basket call option, observe first that
nm



X
∂G(z)
= 1{in-the-money}
exp ν k + c̃k z c̃kl .
∂zl
k=1

Combining the above, we obtain the conditions
" nm


X
∂G(z)
− zl G(z) = 1{in-the-money}
exp ν k + c̃k z c̃kl − zl
∂zl
k=1

nm
X



k



exp ν + c̃k z − K

!#
= 0,

k=1

for l = 1, . . . , nm. Restricting to the case where the option is in-the-money, solving for zl yields

Pnm
k
k=1 exp ν + c̃k z c̃kl
zl =
.
(16)
G(z)
The values of z = (z1 , . . . , znm )T can be found using e.g. multivariate Newton’s method for
root finding. Fix-point iteration has proven to be unstable as this may converge to a fix point
outside the range where the option is in-the-money. The computation time of z depends heavily
on the initial values plugged into the root finding algorithm and may easily annihilate the pick-up
in variance reduction. However, when running the simulation on a regular (e.g. daily) basis, then
one can expect the computation to be efficient by choosing the current value of z as initial value.
Dependent random variables Applying importance sampling to a random vector whose components are not independent, as is the case when combining LHSD and importance sampling,
requires adjusting the likelihood ratio accordingly. Recall that the likelihood ratio based on independent Z = (Z1 , . . . , Znm )T is given by Equation (14). A measure change from N(0, I) to N(µ, I)
when Z are the inputs can be translated into a corresponding measure change when W̃ are the
inputs as follows: under the original measure we have W̃k = c̃k Z where c̃k denotes the k-th row
of C̃, whereas under the new measure we have W̃k = c̃k (Z + µ), with Z ∼ (0, I) as before. When
W̃k are the inputs, the measure is thus changed from N(0, Σ̃) to N(C̃µ, Σ̃). The corresponding
likelihood ratio is


f0,Σ̃ (W̃ )
1  T −1
T −1
= exp − W̃ Σ̃ W̃ − (W̃ − C̃µ) Σ (W̃ − C̃µ) ,
2
fC̃µ,Σ̃ (W̃ )
where fµ,Σ denotes the multivariate normal density with mean vector µ and covariance matrix Σ,
and with W̃ ∼ N(C̃µ, Σ̃).

12

Table 1: Parameters of Asian basket option
Parameter
Value
Number of assets
m = 10
Initial asset value
S0j = 100, j = 1, . . . , m
Asset volatility
σ j = 0.1 + (j − 1)/(m − 1) · 0.4, j = 1, . . . , m
Correlation
ρij = 0.4, 1 ≤ i < j ≤ m
Interest rate
r = 0.04
Maturity
T = 1 (years)
Strike
K = 90, 100, 110
Number of time steps n = 250
Weights
wij = 1/(nm), i = 1, . . . , n, j = 1, . . . , m

4.2
4.2.1

Results
Asian basket call option

Based on the data set of Imai and Tan (2007), we calculate prices of an Asian basket option by
simulating W̃ using a Cholesky decomposition using various combinations of variance reduction
techniques. The parameters of the example are given in Table 1. As in Imai and Tan (2007), we
compute 10 iterations of 4,096 simulations. We calculate options prices using plain Monte Carlo
simulation, LHSD and LHS, and combined with control variate and importance sampling, yielding
nine different setups. LHS was implemented by applying LHS to independent random numbers,
which were then correlated. For control variates we used the parameter b̂n from Equation (6).
The results are given in Table 2. Aside from prices and standard deviations (of the estimator),
the table shows the ratios of the estimators’ standard deviations relative to the standard deviation
of the plain Monte Carlo estimator, the ratios of CPU-time consumed relative to the CPU-time
consumed by the plain Monte Carlo estimator, and an indicator of efficiency, given by the product of variance and expected computing time (relative to the plain Monte Carlo estimator). An
estimator with a smaller efficiency indicator is preferred over an estimator with a higher indicator.
Computation times for importance sampling exclude the calculation of the measure (cf. Equation
(16)), which is costly when no proper initial guess is present. Furthermore, it should be noted that
the efficiency indicator will be in favour of estimators with smaller variance if the calculation of the
payoff – which affects all methods – is costly.
For an easy comparison, the ratios of the estimators’ standard deviations relative to the standard
deviations of the plain Monte Carlo estimator are shown in Figure 2.
First, observe that the variance reduction with LHS/LHSD depends strongly on the strike price
of the option and decreases with increasing strike. The greater the strike, the more often the
option expires out-of-the money, which diminishes the effect of stratification. A similar observation
is made in an example from (Glasserman, 2004, pp. 242–243), where an Asian call option is priced
using LHS.
Next, there is a pick-up in variance reduction when applying control variates combined with the
standalone methods other than LHSD, especially in the case where the strike price of the option
is low (this is evident, as the correlation with the underlying basket of stocks, which serves as
the control variate, is greater the lower the strike price). However, combining LHSD with control
variates performs equally well to LHSD standalone.
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Table 2: Simulated prices of an Asian basket option (parameters in Table 1) for strikes K ∈
{90, 100, 110}. The results are based on 10 iterations with 4096 simulations each. The numbers
in parentheses denote the sample standard deviation based on the 10 iterations. The columns
labelled “ratio” denote the ratio of the standard deviations of plain Monte Carlo simulation with
the respective method.
K = 90
K = 100
K = 110
price std. dev. ratio
price std. dev. ratio
price std. dev. ratio
MC
12.353 (0.113) 1.000
5.658 (0.130) 1.000
2.016 (0.071) 1.000
MC + CV
12.337 (0.018) 6.250
5.659 (0.046) 2.818
2.017 (0.058) 1.210
MC + IS
12.332 (0.049) 2.307
5.650 (0.045) 2.881
2.040 (0.022) 3.244
LHS
12.334 (0.042) 2.679
5.694 (0.095) 1.370
2.035 (0.061) 1.153
LHS + CV
12.330 (0.028) 4.090
5.689 (0.072) 1.802
2.035 (0.053) 1.338
LHS + IS
12.327 (0.050) 2.244
5.629 (0.045) 2.871
2.030 (0.020) 3.531
LHSD
12.333 (0.013) 8.543
5.661 (0.031) 4.128
2.015 (0.043) 1.658
LHSD + CV 12.334 (0.013) 8.545
5.662 (0.031) 4.128
2.016 (0.043) 1.658
LHSD + IS 12.331 (0.046) 2.462
5.649 (0.034) 3.790
2.041 (0.018) 4.019

Figure 2: Ratios of reduction in standard deviation relative to plain Monte Carlo simulation (column
“ratio” in Table 2). Circles denote Monte Carlo simulation, squares denote LHS and diamonds
denote LHSD.
However, the picture is mixed when combining importance sampling with LHS or LHSD: for low
strikes (in-the-money case), the variance is actually increased, whereas for large strikes (out-of-themoney case), the variance is reduced. This shows that combinations of stratification and importance
sampling (as implemented here) complement each other well when the region of interest is small.
This is intuitive as stratification alone fails to achieve satisfactory results when the option’s strike
is high, as many outcomes will be zero regardless of stratification. Importance sampling ensures
that more stratified samples are placed in the region where the option is in-the-money. On the
other hand, combining LHS/LHSD in combination with importance sampling performs poor when
the region of interest corresponds largely to the sampling region. We shall see in the following
examples that this behaviour also occurs with other stratification techniques.
In all cases, LHSD performs better than the respective plain Monte Carlo or LHS counterparts,
which shows that performing an LHSD step is generally worthwhile doing. In the following example,
it will therefore also be interesting to see how LHSD performs compared to other stratification
techniques.
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Finally, assessing the performance pickup requires taking into account the CPU time required
for each simulation pass. However, since CPU times are hardware-, software- and implementationspecific, we merely give some indications on the implementation at hand (Mathematica 9.0 on Mac
OS X). A key figure for assessing the overall efficiency is the product of variance (of the estimator)
and expected CPU time per estimation (cf. Section 1.1.3 of Glasserman (2004)). In these terms,
both control variates and importance sampling perform well relative to the naive Monte Carlo
estimator, while LHS and LHS combined with control variates perform worse. LHS combined
with importance sampling and LHSD-combined estimators perform better than naive Monte Carlo
simulation, and only slightly worse than the uncombined control variates and importance sampling
estimators. Excluded from these observations is the initial CPU time required for determining the
measure change in importance sampling, (16), which depends strongly on the starting values. More
generally, it should be taken into account that the the payoff’s complexity plays a significant role:
the greater the CPU time required to calculate the payoff, the smaller the significance of the CPU
time of the procedure for generating random numbers.
4.2.2

Asian call option

We now turn to the example in Glasserman et al. (1999) (see also Section 4.6.2 of Glasserman (2004))
of valuing an Asian call option (i.e., the one asset case). Here, the combination of stratification
and importance sampling is analysed. Using the same example, Lemieux and La (2005) study
combinations of control variates and importance sampling based on QMC and RQMC methods.
The stratification of Glasserman et al. (1999) works as follows: Suppose that Z1 , . . . , Zl are l iid
n-dimensional realisations of Z ∼ N(0, I). Let (−∞, k1 ], (k1 , k2 ], . . . , (kl−1 , ∞) be a partition of the
real line into l strata of equal probability, that is, for X ∼ N(0, 1), we have P(X ∈ (kj , kj+1 ]) = 1/l
for all j ∈ {1, . . . , l}. The principal idea is to choose a linear projection v T Z, with v ∈ Rn and
kvk = 1, where the last condition ensures that v T Z ∼ N(0, 1), and generate random numbers
such that (v T Z1 , . . . , v T Zl ) are stratified, that is, where the k-th sample is placed in the k-th
stratum. The algorithm for generating (Z1 , . . . , Zl ) fulfilling this property is given in Section 4.3.2
of Glasserman (2004). It remains to choose v ∈ Rn . Glasserman et al. (1999) provide two choices
of v ∈ Rn , the first one of which is to set v = µ, with µ the drift change from importance sampling,
see Section 4.1.3, based on the idea that µ is an “important” path. The second method derives v
from a second-order approximation of the payoff. The resulting variance reduction ratios of both
methods are roughly of the same order, so that we consider only the first method.
The parameters of the example are S0 = 50, T = 1, r = 0.05, K ∈ {45, 50, 55}. The asset
volatility is σ ∈ {0.1, 0.3} and the number of monitoring time points is n ∈ {16, 64}. The results,
given in Table 3, are from 100 iterations of 4096 simulations. A first observation is that stratification
has by far the greatest impact on reducing the variance. Second, the combined estimators achieve
a greater variance reduction when the option is out-of-the money than in the standalone cases. As
in the earlier example, for options far in-the-money, the effect may be reversed, that is, importance
sampling may actually worsen the variance reduction. This effect is also observed in Lemieux and
La (2005) for combinations of Quasi-Monte Carlo (QMC) methods and importance sampling. As
in the previous example, we observe that importance sampling and the other methods complement
each other well for out-of-the money options (or more generally, when sampling predominantly in
“unimportant” regions without importance sampling).
When comparing LHS and LHSD we see that, in general, LHSD performs better than LHS,
but the variance reduction of LHSD comes nowhere near the ratios achieved with stratification.
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Table 3: Simulated prices of an Asian option. The parameters are S0 = 50, T = 1, r = 0.05 with
the number of monitoring time points n, volatility σ and strike K of the option indicated below.
The results are based on 100 iterations with 4096 simulations each. The columns labelled “ratio”
denote the ratio of the standard deviations of plain Monte Carlo simulation with the respective
method.
K = 45
K = 50
K = 55
n σ price std.dev. ratio
price std.dev. ratio
price std.dev. ratio
MC
16 0.1 6.057 (0.048) 1.000
1.917 (0.038) 1.000
0.202 (0.012) 1.000
IS
6.054 (0.013) 3.796
1.920 (0.013) 2.914
0.203 (0.003) 4.333
ST
6.055 (0.001) 87.049 1.920 (0.000) 84.398
0.202 (0.000) 34.308
IS+ST
6.055 (0.001) 80.512 1.920 (0.000) 111.331 0.202 (0.000) 163.458
LHS
6.055 (0.003) 14.625 1.919 (0.013) 2.895
0.203 (0.009) 1.339
LHS+IS
6.055 (0.010) 4.609
1.920 (0.011) 3.569
0.202 (0.002) 5.326
LHSD
6.055 (0.001) 54.102 1.919 (0.004) 10.599
0.202 (0.003) 3.898
LHSD+IS
6.055 (0.004) 12.357 1.920 (0.005) 8.145
0.203 (0.001) 7.917
MC
64 0.3 7.049 (0.127) 1.000
4.026 (0.092) 1.000
2.088 (0.081) 1.000
IS
7.027 (0.042) 2.994
4.027 (0.032) 2.857
2.082 (0.019) 4.159
ST
7.020 (0.003) 40.557 4.022 (0.003) 33.033
2.080 (0.003) 32.167
IS+ST
7.021 (0.003) 37.611 4.023 (0.002) 39.614
2.080 (0.002) 50.844
LHS
7.026 (0.043) 2.930
4.021 (0.050) 1.846
2.086 (0.048) 1.686
LHS+IS
7.018 (0.036) 3.574
4.022 (0.027) 3.453
2.077 (0.018) 4.512
LHSD
7.021 (0.010) 12.954 4.022 (0.013) 7.334
2.079 (0.013) 6.314
LHSD+IS
7.020 (0.017) 7.477
4.023 (0.014) 6.551
2.080 (0.010) 8.251
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This certainly has to do with the fact that stratification and importance sampling use highly
problem-specific information in an optimised way: stratifying a linear projection requires choosing
a direction v ∈ Rn and importance sampling requires choosing a target probability measure. In the
case of the Asian option, both methods use the linear drift vector µ, but for more complex options
or models it may not be straightforward to choose these quantities in a meaningful way, and it
may be time-consuming to compute them, potentially reducing or even annihilating the benefit
from variance reduction. LHS and LHSD, on the other hand, are applied without problem-specific
knowledge, that is, they may be applied to any valuation problem in the way they are described in
this paper. Regarding computational overhead, LHS requires drawing random permutations, which
can be efficiently done with the Fisher-Yates shuffle (Knuth, 1998, Section 3.4.2). This algorithm
generates a random permutation of n numbers in O(n) computing time. Computing the ranks for
LHSD essentially requires sorting the samples, which can be done in O(n log n) computing time.
Finally, comparing the variance reduction achieved by LHSD with the error reduction achieved
by the QMC-methods in Lemieux and La (2005), we find that LHSD dominates QMC most of time,
with three simulation results where QMC outperforms LHSD. The differences are substantial only
for in-the-money options where the standard error by LHSD is up to 2.5 times smaller than for
QMC.

5

Conclusion

Efficient simulation techniques are essential for fast pricing of contingent claims via Monte Carlo
simulation. This applies especially to high-dimensional valuation problems, such as options depending on several underlyings, as the computational effort typically increases non-linearly with
the dimension. The aim of variance reduction techniques is to produce estimators with a smaller
variance than the usual Monte Carlo estimator, allowing to save computation time or increasing
accuracy.
In this paper, we study combinations of Latin hypercube sampling specifically targeted at
dependent random vectors with control variates and importance sampling. LHS techniques are
general transforms of random numbers, while control variates and importance sampling make use
of problem-specific information. Because of this, combining these types of variance reduction
techniques may prove effective. Under some mild conditions, the resulting estimators are consistent
and asymptotically unbiased, and we derive a central limit theorem.
We investigate the effectiveness of applying combined variance reduction methods by pricing an
Asian basket call option with 10 assets monitored at 250 time points, yielding a 2500-dimensional
estimation problem. It turns out that combining LHSD with control variates yields no significant
pick-up compared to applying LHSD standalone. LHSD with importance sampling performs best
(factor 4 in terms of standard deviation) for options with a high strikes (i.e., out-of-the-money
options). For options with a low strike, the combination of LHSD with importance sampling
actually increases the variance compared to standalone LHSD. This effect is also observed in other
studies of combinations of stratification and importance sampling techniques (e.g. Lemieux and La,
2005).
In a second example, we further compare the effectiveness with other combinations of variance
reduction techniques, and find that problem-specific stratification methods outperform LHSD. This
is not surprising as a problem-specific method is tailored to optimise the variance reduction of
a particular problem, whereas LHSD is a variance reduction technique that requires no specific
17

knowledge about the problem. Among the problem-independent stratification-like methods, LHSD
performs best.
LHSD is not restricted to the types of examples studied above, but can be integrated into any
kind of simulation problem, such as models beyond the Black-Scholes model and exotics beyond
Asian options. Since LHSD is easy to apply, our results indicate that it is worthwhile to test the
performance pickup of integrating LHSD into arbitrary simulation problems even when a variance
reduction technique is already in place.
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